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For every positive rational number q, we find a free group of rotations of rank 2 acting on (
whose all elements distinct from the identity have no fixed point.
Introduction. The following conjecture raised by Professor J. Mycielski was proved in [Sa1] :
The subgroup µ 1 , ν 1 of the rational special orthogonal group SO 3 (Q) = {φ ∈ Mat(3, 3; Q) : In this paper, we consider the same problem about the rational sphere ( 
does not have such a trio, because, for two orthogonal [Sa0; W, Cor. 4.12] ). We only have to prove the assertion for each positive integer q which is square-free, in other words, q does not have a prime whose square divides q, because the rational spheres (
are similar with similitude ratio √ q :
Moreover, we can assume q = 1 from [Sa1] .
Remark. It is possible that rational spheres are empty (e.g., with radius √ 7). For given q, it is easy to check whether the rational sphere with radius √ q is empty or not (see [M, Ch. 20] ):
For higher dimensional spheres, Professor J. Mycielski raised the following problems (see [Sa1] ):
[Sa2], which gives a free group σ, τ of SO 4 (Q) acting on S 3 without non-trivial fixed points, and [Sa1] answer in the affirmative Problem A for n ≡ 0 (mod 4) and Problem B for n ≡ −1 (mod 4). This paper and [Sa2] also answer in the affirmative the following problem for n ≡ −1 (mod 4):
Problem B . For a positive rational q and an odd integer n ≥ 5, does SO n (Q) have a free non-abelian subgroup F 2 which acts without non-trivial fixed points on (
For n = 3, similar problems for more general surfaces, which the referee of this paper suggested, can be considered:
Is there a free subgroup of rank 2 of the group {φ ∈ Mat(3, 3; Q) : Preliminaries. Let q be a positive and square-free integer distinct from 1. The following two lemmas enable us to find integers p and b such that p is an odd prime divisor of 1 + b 2 but not of q, and q is a quadratic non-residue to the modulus p. 
There are group isomorphisms
where S(H) is the group of quaternions h whose norm |h| is equal to 1 in the Hamilton quaternion field H and SO (H 0 
where ε and δ are either −1 or 1. For each reduced word w of {µ
where w is the number of occurrences of µ 
(w) whichever you like because H −H.
Main result.
The following two lemmas imply the main theorem of this paper which gives a free subgroup of rank 2 of SO 3 (Q) whose non-identical elements have no fixed point on the rational sphere with radius √ q.
Lemma 2. Let w be a non-empty reduced word of {µ
if w has the form µ (
where ε, δ, ε , and δ are either −1 or 1.
Lemma 3. Let w be a word which appeared in Lemma 2, i.e., w = µ is a quadratic non-residue to p, which is a consequence of Lemma 2, the equality q p = −1, and the following three formulae:
where t = 1, . . . , p − 1.
We attain our objective from the previous lemma:
Theorem. 
